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Problem 1.5

Prove the BAC–CAB rule by writing out both sides in component form.

Solution

The BAC-CAB rule is
A× (B×C) = B(A ·C)−C(A ·B).

Evaluate the left-hand side.

A× (B×C) = A×

∣∣∣∣∣∣
x̂ ŷ ẑ
Bx By Bz

Cx Cy Cz

∣∣∣∣∣∣
= A× [(ByCz −BzCy)x̂− (BxCz −BzCx)ŷ + (BxCy −ByCx)ẑ]

= A× [(ByCz −BzCy)x̂+ (BzCx −BxCz)ŷ + (BxCy −ByCx)ẑ]

=

∣∣∣∣∣∣
x̂ ŷ ẑ
Ax Ay Az

ByCz −BzCy BzCx −BxCz BxCy −ByCx

∣∣∣∣∣∣
= [Ay(BxCy −ByCx)−Az(BzCx −BxCz)]x̂

− [Ax(BxCy −ByCx)−Az(ByCz −BzCy)]ŷ

+ [Ax(BzCx −BxCz)−Ay(ByCz −BzCy)]ẑ

= (AyBxCy −AyByCx −AzBzCx +AzBxCz)x̂

+ (−AxBxCy +AxByCx +AzByCz −AzBzCy)ŷ

+ (AxBzCx −AxBxCz −AyByCz +AyBzCy)ẑ

Evaluate the right-hand side.

B(A ·C)−C(A ·B) = (Bxx̂+Byŷ +Bzẑ)(AxCx +AyCy +AzCz)

− (Cxx̂+ Cyŷ + Czẑ)(AxBx +AyBy +AzBz)

= [Bx(AxCx +AyCy +AzCz)x̂+By(AxCx +AyCy +AzCz)ŷ

+Bz(AxCx +AyCy +AzCz)ẑ]− [Cx(AxBx +AyBy +AzBz)x̂

+ Cy(AxBx +AyBy +AzBz)ŷ + Cz(AxBx +AyBy +AzBz)ẑ]

= [Bx(AxCx +AyCy +AzCz)− Cx(AxBx +AyBy +AzBz)]x̂

+ [By(AxCx +AyCy +AzCz)− Cy(AxBx +AyBy +AzBz)]ŷ

+ [Bz(AxCx +AyCy +AzCz)− Cz(AxBx +AyBy +AzBz)]ẑ

= (�����AxBxCx +AyBxCy +AzBxCz −�����AxBxCx −AyByCx −AzBzCx)x̂

+ (AxByCx +�����AyByCy +AzByCz −AxBxCy −�����AyByCy −AzBzCy)ŷ

+ (AxBzCx +AyBzCy +�����AzBzCz −AxBxCz −AyByCz −�����AzBzCz)ẑ

= (AyBxCy −AyByCx −AzBzCx +AzBxCz)x̂

+ (−AxBxCy +AxByCx +AzByCz −AzBzCy)ŷ

+ (AxBzCx −AxBxCz −AyByCz +AyBzCy)ẑ

Both sides have equal components, so the rule is proven.
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